We study the homogeneous Dirichlet boundary value problem of generalized Laplacian systems with a singular weight which may not be integrable. Some explicit intervals which correspond to the existence and nonexistence of positive solutions for the system with the finite asymptotic behaviors of the nonlinearities at and ∞ are obtained.
Introduction
In this paper, we study the following nonlinear differential system:
where Φ(u ὔ ) = (φ(u ὔ ), . . . , φ(u ὔ N )) with φ : ℝ → ℝ an odd increasing homeomorphism, λ > a parameter, h(t) = (h (t), . . The p-Laplacian or more generalized ones like problem (P λ ) appear in various applications which describe reaction-diffusion systems in the fields of nonlinear elasticity, glaciology, population biology, combustion theory, and non-Newtonian fluids (see [4, 6, 7, 12] ). Recently existence and nonexistence of positive solutions of these problems under various assumptions on the weight functions and nonlinearities have been extensively studied (see [1, 2, 5, [8] [9] [10] [13] [14] [15] and the references therein). For example, Wang [14] showed the existence and nonexistence of positive solutions of problem (P λ ) for λ belonging in an open region when each h i : [ , ] → ℝ + is continuous and φ satisfies that there exist two increasing homeomorphisms ψ and ψ of ( , ∞) onto ( , ∞) such that ψ (σ)φ(x) ≤ φ(σx) ≤ ψ (σ)φ(x) for σ, x > .
In this paper, we assume the following on φ, h and f: (A) There exist an increasing homeomorphism ψ of ( , ∞) onto ( , ∞) and a function γ of ( , ∞) into ( , ∞) such that
(H) The functions h i : ( , ) → ℝ + , i = , . . . , N, are locally integrable and satisfy
. . , N, are continuous. We note that condition (A) is more general than the condition given by Wang in [14] . For convenience, we introduce a new class of weight functions. For a bijection ι :
With this notation, the function h i satisfies condition (H) means h i ∈ H ψ . As an example of conditions (A) and (H), define φ : ℝ → ℝ an odd function with
Then φ satisfies (A) with the functions ψ and γ given as
Moreover, for h(t) = t − / , we can easily check that h ∈ H ψ . Note that the weight function h is singular at t = . Now we introduce some notations for the statement of the main theorem. Denote
where
for all u ∈ ℝ N + and i = , . . . , N. We note that φ covers the case of p-Laplace operator, namely φ(x) = φ p (x) := |x| p− x, x ∈ ℝ, p > . In this case, φ p satisfies condition (A) with φ p ≡ ψ ≡ γ. When N = , φ = φ p , Agarwal, Lü and O'Regan [1] , Graef and Yang [8] , and Henderson and Wang [9] derived some explicit intervals for λ such that problem (P λ ) has at least one positive solution if < f , f ∞ < ∞. Later, Henderson and Wang [10] extended the results in [1, 8, 9 ] to a φ-Laplacian system (P λ ) with each weight h i ∈ C [ , ] . Recently, when λ = , Xu and Lee [15] obtained the existence of positive solutions for a φ-Laplacian system (P λ ) with singular weights if either
The goal of this paper is to extend a result of Henderson and Wang [10] to general φ-Laplacian systems for the case < f , f ∞ < ∞ with singular weights which may not be integrable. Before giving our main theorem, we introduce some notation: 
for some i and j , then (P λ ) has at least one positive solution for λ ∈ (λ * * , λ * * ). In addition, there exist λ * , λ * > with λ * < λ * * and λ * * < λ * such that (P λ ) has no positive solution for λ ∈ ( , λ * ) ∪ (λ * , ∞).
Remark 1.2.
Note that λ * and λ * in Theorem 1.1 can also be given explicitly. From the proof of the theorem, we see that λ * can be given as
The choices of η , η , r ὔ and r ὔ appear later and λ * can be given as
with the choices of β i , β i , R i and R i appearing later as well.
For the proofs, we employ a newly developed solution operator for (P λ ) introduced by Xu and Lee [15] , and then we make use of the fixed point theorem of a cone for the existence of positive solutions. This paper is organized as follows. In Section 2, we establish a solution operator for problem (P λ ) and show some preliminary results. In Section 3 and Section 4, we prove Theorem 1.1 and give some examples, respectively.
Preliminaries: A solution operator
Since each h i ∈ H ψ , h i may have a singularity at t = and/or t = , which may not be integrable near the boundary. In this case, the solution may not be in C [ , ] . So by a solution to problem (P λ ), we understand
The basic tool for proving our main results is the following well-known fixed point theorem ( [3, 11] ).
Lemma 2.1. Let E be a Banach space and let K be a cone in E. Assume that Ω and Ω are open subsets of E with
∈ Ω , Ω ⊂ Ω . Assume that T : K ∩ (Ω \ Ω ) → K
is completely continuous such that either of the following holds:
To set up the solution operator for (P λ ), let us define E the Banach space
Let us consider a simple scalar problem of the form
where φ satisfies (A) and g ∈ H φ . Note that from condition (A), H ψ ⊂ H φ . Let w be a solution of (2.1). 
2) [15] for the proof), we may integrate both sides of (2.2) 
To check w(
Then the function G : ℝ → ℝ is well defined and has a unique zero a(g) in ℝ (see [15] for the proof). This implies w( − ) = w( + ). Consequently, if φ satisfies (A) and g ∈ H φ , then the solution w of (2.1) can be represented by
where a(g) ∈ ℝ uniquely satisfies
Replacing g(t) with λh i (t)f i (u(t)) in (2.1), we may define
where for i = , . . . , N,
Here a i (λh i f i (u)) uniquely satisfies
One may show that T λ : K → K is completely continuous (see [15, Lemma 11] for details). Thus, we see that u is a positive solution of (P λ ) if and only if u = T λ (u) on K.
We finally give some remarks and a lemma for later use. 
Remark 2.2. From condition (A), we get
σx ≤ φ − [γ(σ)φ(x)] and φ − [σφ(x)] ≤ ψ − (σ)x for σ and x > . Remark 2.3. Let h ∈ L loc (( , ), ℝ + ). Then, for any fixed s ∈ ( , ), we know that ∫ / s h(τ) dτ < ∞. Setting σ = ∫ / s h(τ) dτ and x = φ − ( ) in Remark 2.2, we get φ − / s h(τ) dτ ≤ φ − ( )ψ − / s h(τ) dτ . This implies H ψ ⊂ H φ . Remark 2.4. If h ∈ H φ , then for any fixed σ ∈ ( , ), φ − σ s h(τ) dτ ∈ L , , φ − s σ h(τ) dτ ∈ L , .
Lemma 2.5 ([14]). Let w
∈ C [ , ] ∩ C ( , ) satisfy φ(w ὔ ) ὔ ≤ on ( , ).
Proof of Theorem 1.1
Proof. For the existence, we need to consider two cases.
Case I: We assume that γ( )
In this case, for given ϵ > , we may choose i and j such that
Condition f > implies that f i > . Thus, for ϵ as given above, there exists r (= r (ϵ)) > such that for
Let u ∈ ∂K r . Then by Lemma 2.5,
and hence
Thus, for u ∈ ∂K r , we get
and by the definition of a i λ,u ,
Thus,
and by the same argument, we get
Thus, we obtain
By using (3.1), we get
By the choice of ϵ, we get
Applying Remark 2.2 with σ = and x = ‖u‖ ∞ , we get
Then we can easily checkf
Take r > max{r , max i= ,...,N {r i }}. Then for u ∈ ∂K r , we get
Since T λ (u) ∈ K for u ∈ ∂K r , there exists a unique σ i ∈ ( , ) such that
We first consider the case σ i ∈ ( , ]. We have
Since φ is an odd homeomorphism, a 
Similarly for the case σ i ∈ [ , ), we get
Combining the above two inequalities and using the choice of ϵ, we get
. . , N, and thus
Combining (3.2) and (3.4), we can conclude that problem (P λ ) has at least one positive solution u with r ≤ ‖u‖ ∞ ≤ r for λ ∈ (λ * * , λ * * ).
Case II: We assume that
Since f < ∞, we get f i < ∞ for i = , . . . , N. Thus, there exists r i (= r i (ϵ)) > such that for x ∈ ℝ N + with ‖x‖ ≤ r i ,
Take r = min i= ,...,N {r i } and let u ∈ ∂K r , then
Considering two cases σ i ∈ ( , ] and σ i ∈ [ , ), then with the same argument used in Case I, with aid of (3.5), and by the choice of ϵ, we get
. . , N, and
Thus, for ϵ as given above, we choose R(= R(ϵ)) > such that for
If u ∈ K with ‖u‖ ∞ ≥ R, then by Lemma 2.5, for t ∈ [ , ],
Take r > max{r , R} and let u ∈ ∂K r . We also consider two cases a j λ,u ≥ and a j λ,u < . Applying the same argument as in Case I and with aid of (3.7) we get
Combining (3.6) and (3.8), we can conclude that problem (P λ ) has at least one positive solution u with r ≤ ‖u‖ ∞ ≤ r for λ ∈ (λ * * , λ * * ).
For the nonexistence, we also need to consider two cases.
Case I: f > and f ∞ > . In this case, from the facts f i > and f j ∞ > , there exist positive numbers η , η , r ὔ and r ὔ such that r
and
Then we have
Assume that v is a positive solution of (P λ ). Then we need to prove the assertion that if (P λ ) has a positive solution, then λ ≤ λ * , where λ * = γ( ) η Γ . Indeed, suppose on the contrary that (P λ ) has a positive solution v for λ > λ * . If ‖v‖ ∞ ≤ r ὔ , then by (3.9) and Lemma 2.5, for t ∈ [ , ],
On the other hand, if ‖v‖ ∞ > r ὔ , then by Lemma 2.5 and (3.10), for t ∈ [ , ],
Since v satisfies v(t) = T λ (v)(t) for t ∈ [ , ], applying the same argument as in the proof of existence with the aid of (3.11), (3.12) and Remark 2.2 with σ = , x = ‖v‖ ∞ , for λ > λ * , we get
which is a contradiction.
Case II: f < ∞ and f ∞ < ∞. In this case, conditions f i < ∞ and f i ∞ < ∞, i = , . . . , N imply that for any i = , . . . , N, there exist positive numbers
Let
Assume that v is a positive solution of (P λ ). Then we can prove the assertion that if (P λ ) has a positive solution, then λ ≥ λ * , where λ * = ψ( NΥ )/β. Indeed, suppose on the contrary that (P λ ) has a positive solution v for < λ < λ * . Then again applying the same argument as in the proof of existence, with aid of (3.15) and Remark 2.2 with
which is a contradiction. (1) If f = , < f ∞ < ∞ or < f < ∞, f ∞ = , then there exist λ * , λ * > such that (P λ ) has at least one positive solution for λ > λ * and no positive solution for λ ∈ ( , λ * ). (2) If f = ∞, < f ∞ < ∞ or < f < ∞, f ∞ = ∞, then there exist λ * , λ * > such that (P λ ) has at least one positive solution for λ ∈ ( , λ * ) and no positive solution for λ > λ * .
Applications
In this section, we give some examples applicable to our main results. 
where φ(x) = |x|x + x, x ∈ ℝ, and
We easily see that φ is an odd increasing homeomorphism. Define the functions ψ and γ as
Then ψ, γ : ( , ∞) → ( , ∞) and ψ is an increasing homeomorphism with
We see that (E ) satisfies assumptions (A), (H) and (F) (see [15] for details). In addition,
Thus, we get
Since f = , f ∞ = . , we may choose η = < f , η = . < f ∞ , r ὔ = , r ὔ = so that
. ,
i.e., η < . , and thus
Therefore, we obtain
and thus
Since f = , f ∞ = . , we may choose β = > f , β = > f ∞ , R = and R = so that
we get
Thus, we obtain β = max β , β , max f (x) φ(‖x‖) ᐈ ᐈ ᐈ ᐈ ᐈ ᐈ ᐈ x ∈ ℝ + , ≤ ‖x‖ ≤ = .
From
we also get
i.e., β > . , and thus
Thus, we have
Consequently, by Theorem 1.1, we obtain the following conclusion.
Conclusion.
Problem (E ) has at least one positive solution for λ ∈ ( . , . ), and no positive solution for λ ∈ ( , .
) ∪ ( . , ∞).
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